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ABSTRACT

EQUIVALENCE OF THE EXT-ALGEBRA
STRUCTURES OF AN R-MODULE

Publication No.

Chris Aholt, MATH

The University of Texas at Arlington, 2008

Faculty Mentor: Dr. David Jorgensen

The Ext functor is an important area of study in homological algebra,
and an algebra structure can be formed from it when dealing with modules
over a ring. This Ext-Algebra can be defined in two distinct ways, and it is
common mathematical folklore that the two are equivalent representations.
This work represents a single, self-contained development of the Ext-Algebra
through both constructions, filling the void in modern mathematical litera-
ture by carefully proving this equivalence of both the product and additive
structures. We begin with introductory definitions and theorems about chain

complexes and chain maps, homology and exactness, projective modules and

v



resolutions, the pushout and pullback as modules over a ring, and func-
tors. The Ext groups are both constructed from projective resolutions and
given the Yoneda description as equivalence classes of exact sequences with
the Baer Sum as addition, and it is shown that these two representations are
equivalent element-wise, and over their respective sums. The product in each
of the two cases is then defined, and the two notions are once again shown to
be equivalent. Examples are given at the end of the work, to further cement

the ideas in the readers mind.
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1 INTRODUCTION

Throughout the thesis, assume R is a ring, and all R-modules are assumed
to be left R-modules unless otherwise stated. Also, the word map will refer
to an appropriate homomorphism unless otherwise stated.

The Ext functors and the Ext-Algebra of an R-module are important
areas of study; one need only skim Weibel [3] to find a multitude of properties
of an R-module which can be related to its Ext groups. In this thesis, we
work towards two distinct definitions of the Ext-Algebra structure, both
yielding equivalent descriptions. One description is through the cohomology
of a projective resolution, and one is through equivalence classes of exact
sequences of finite length (extensions). We carefully develop any necessary
terminology and results needed for the definitions, and then we rigorously
prove their equivalence. Of course, this has been done before in works such
as Mac Lane [2]; however, his approach is outdated and extremely difficult
to follow. We provide an approach using current definitions and notations,

translating the older works into the modern parlance.

2 PRELIMINARIES

As with any paper, we would like this development to be as self-contained as
possible. To this end, this section contains any preliminary concepts which
will be needed in the later sections. The experienced reader may quickly

skim over sections to which he or she is already familiar. However, these



preliminary sections will also serve an an introduction for the notations used

throughout, so skipping them entirely is not recommended.

2.1 Chain Complexes

A chain complex of R-modules (M;,d;);cz; = M is a collection of R-
modules {M;} and R-module homomorphisms {d; : M; — M,; 1} (called
boundary operators), each indexed by the integers, such that d;d;1 = 0.

That is, Im d;; C ker d; for all ¢ € Z. A chain complex is usually written
d; d; i di—

C S Moy —+1>Mz’d—>Mz‘—1 =

or more succinctly, where the boundary operators are understood,

= My - My — My — -

Such a chain complex M is often referred to as a sequence of homomorphisms.
All the chain complexes in which we will be interested in this thesis will have

M; = 0 for all © < 0 and will be denoted simply

= M; — -+ — My — My — 0.

We define the nth homology group of this chain complex M to be

H, (M) = ker d,/Im d,, 4.



This is sometimes referred to as the homology at the nth position. Elements
of ker d,, are called called cycles, and elements of Im d,, 1 are called bound-
aries.

If H,(M)=0 (equivalent to ker d,, = Im d,,11) for a specific n, then
we say that the complex is exact at the nth position. Following suit, if
H,(M) = 0 for all n, we simply say that the complex is ezact, or that the
complex has no homology. A complex with no homology is often called an
exact sequence.

Analagously, we define a cochain complex of R-modules (M, d");cz =
M as a collection of R-modules {M*} and R-module homomorphisms {d" :
M? — M1} (once again called boundary operators), each indexed by the
integers, such that d**'d* = 0. That is, Im d* C ker d"*! for all i € Z. A
cochain complex is usually written

di72 - di71 . di . di+1
S MY S M S M S

or more succinctly, where the boundary operators are understood,

s MY S M M

As with a chain complex, such a cochain complex M is often referred to
as a sequence of homomorphisms. Also like chain complexes, the cochain

complexes in which we will be interested will have M* = 0 for all 7 < 0 and



will be denoted

0—-M" > M — ... 5 M — ...

Of course, we have analagous definitions for cohomology at the nth position,
H"(M) = ker d"/Im d" !, and eractness.

It is clear that any cochain complex is equivalent to a chain complex and
vice versa with the identifications M* = M_; and d' = d_,.

Let M = (M;,dM) and N = (N;,dY) be chain complexes of R-modules.
Then a chain map (of degree —n) f : M — N is a sequence of maps
{fi + Mix, — N;, i =0,1,2,...} such that the maps commute with the
boundary operators; more formally, fi,ldf‘_{n = dNf; for all i > 0. This, as

with many other definitions and theorems we shall meet, is best understood

with a commutative diagram:

d]_\/I d]_W d!bl d]\/[ M d M
i+1+4n i+n 3+n 24n 1+n n
A ) /A SR VA LV L
fi fa N fo
aN aN day ay ay
+1 3 2 1
—— N, ——— - Ny Ny Ny 0.

The diagram is said to commute because following any two paths of maps
from the same module, ending at the same module, gives the same final map.
A diagram like this can easily become cluttered, so from here on out, we will
not be writing the boundary operators unless it is unclear from the context.

Suppose now that we have two chain maps of degree —n just as defined



above, f = {f; : My, — N;} and g = {g; : M;1, — N;}. We say f and ¢
are chain homotopic and write f ~ ¢ if there exists a sequence of maps
h ={h; : Mi1,—1 — N;} such that f; — g; = d,f\_[i_lhi+1 + hidﬁn for all 7+ > 0.
One can check that being chain homotopic is an equivalence relation on the

set of chain maps of degree —n.

2.2 Free and Projective Modules

Now we will begin talking about some special types of R-modules. Many of
the definitions and the ideas for the proofs of the simpler theorems in this
section can be found in an appendix of Eisenbud [1] or in Weibel [3].

The first, and probably most simple to understand R-module, is a free
module. The free R-module F(X) over a set X is formed by taking the
elements of X as linearly independent elements, and then taking formal finite
linear combinations of those elements with coefficients in R. The set X is
called a basis for F(X). Free modules will play an important role shortly,
but we must first develop some new terminology.

Let P be an R-module. P is called projective if the following condition
is satisfied: for any two R-modules M and N,if f: P—- Nandg: M —-» N
are R-module homomorphisms with ¢ surjective, then there exists a map
(not necessarily unique) h : P — M such that gh = f. This is more neatly

defined by saying that h makes the following diagram commute, where the



bottom row is exact:

P

I\
El

v
M —">N——=0
Now let M be an arbitrary R-module. A projective resolution of M

is an exact chain complex as below, with M; projective for each 7.

TR L (N (A
— M, — - — My — My — M — 0.

Note that the exactness of this sequence requires that d} is surjective. To
simplify notation, we will often not write the superscript M on the d™ when
no confusion will result.

Let us now develop some simple results about projective modules.
Theorem 2.1. A free R-module is also projective.

Proof. Let M, N, and F' be R-modules with I’ free over the set X; and let
f+F — N, g: M — N be homomorphisms such that g is surjective. We
will find a function h : F' — M such that gh = f.

Consider X as the basis for F', so X C F'. Since g is surjective, then for
each z € X, we can find some m, € M such that g(m,) = f(z). Define h by

setting h(x) = m, (choose one m, for each z), and extend h by linearity over

F. That is, for eauchyEF,yzz:/LC

.1 Tiz; uniquely for 7; € R and distinct
x; € X. So define h(y) = Zle rih(x;). The uniqueness of this representation

allows that the function h is well-defined, because h(y) can only be defined



in this one way. It is simple to check that gh = f by the construction, and

that h is indeed an R-module homomorphism. O
Theorem 2.2. Fvery R-module has a projective resolution.

Proof. Let M be an R-module with set of generators p. Then let M, be
the free module over p, so My = F(u). Let dy : My — M be the obvious
map. That is, for x € My, x = Zgzl r;m; uniquely for distinct m; € pu. So
let do(z) = S°7_, rym;, where this sum of products is taken to be over M.
Clearly Im dy = M.

We will now define d; and M; inductively for ¢ > 0. For some k > 0,
assume we have the following sequence defined so that is is exact except at
My:

d di—1 d d
M, = M4 — - =5 My = M — 0.

Let py, be the set of generators for ker dp C My, and define My = F'(uy),
the free module over py. As above, for any element x € My, x = Z:l T
uniquely for distinct m; € ug. So we define dg 1 : Mgy — My by dpy1(z) =
25:1 r;m;, where (as above) this sum of products is taken to be over Mj.
Clearly, Im dj 1 = ker dj.

Continuing in this manner — since each of the M; is free and therefore

projective by Theorem 2.1 — we get the wanted projective resolution

d;

d; d d d



O

Theorem 2.3. If M and N are R-modules with respective projective reso-
lutions M = (M;,dM) and N = (N;,dY), and for some n, f : M, — N is
an R-module homomorphism such that fd,{‘ﬁrl = 0, then there is an induced

chain map of degree —n, f: M — N.

Proof. We recognize the following diagram immediately, remembering that

dy is necessarily surjective:

Since M, is projective, then there must exist a map fy : M, — Ny such
that d) fo = f. This f; will be the start of our chain map f. Note that
dy (fodp'1) = (d§ fo)dyy = fdy'y = 0 (by hypothesis), so Im (fod}',) €
ker dY = Tm dY (by exactness). Because of this, we can create another
diagram:

M, 1

‘ Wﬁﬂ
I
\

Because M, is projective, there exists a map f; : M,.; — N; such that

divfl - fod%y

Now we will proceed inductively. Suppose that k& € Z™ such that for all



1 < k, there exists f; : M;,,, — N; such that fi_ld%n = clfvfZ for all 7+ > 0.

We can say that we have the chain map partially defined by the diagram:

[ k1 Mn+k Mn—‘rl*)Mn*)"'
T f1 fo
..HNk—i_l Nk . Nl NO N O.

As in the base case above, we have dy ( fydpl, 1) = (dF fr)dih, 1 = (fomadih A o =
fkfl(dﬁnd%-n—i-l) = fkfl(()) = 0. ThUS, Im (fkdi:\ﬁ-n—f—l) g ker dév = Im d{cv—&-l

(by exactness). So we can make yet another diagram:

Mn+k+1

M
: fk dn+k+1

Y
N
+

Once again, since My 41 is projective, there exists a map fr11 : Mginy1 —
Nji1 such that d), fry1 = fudit, 1. We have now finished inductively

defining the chain map f = {f;}2%,. O

Theorem 2.4 (Comparison Theorem). If M and N are as in the hypothesis
of Theorem 2.3 and h : M,, — N and g : M,, — N are also as f in the
hypothesis of Theorem 2.3, with the added restriction that h — g = bd™ for
someb: M,_1 — N, then any two induced chain maps h = {h; : M, — N;}

and g = {g; : M1, — N;}, respectively, are chain homotopic. In particular,



for any f as in the hypothesis of Theorem 2.3, any two chain maps induced

by f are chain homotopic.

Proof. To prove this, we need to define a sequence of maps {f; : M; 1, 1 —
N;} such that h; — g; = dY, fix1 + fidl, for all i > 0. First, note that
because dYY is surjective, then for every x € M, _;, there exists some y, € Ny
such that d)(y,) = b(x). So define fy : M, 1 — Ny by fo(x) = y. (so
4 (fo(x)) = d' (y.) = b(x), or dif fo = b). Since h and § are induced from
h and g, respectively, as in f in the proof above, d)'hy = h, and d} gy = ¢,
which implies that dY (ho — go — fod™) = dYho — d5 go — dY (fod) = h —
g— (dYfo)d™ = h—g—bd™ = h—g— (h—g) = 0. From this we get
Im (hg — go — fodM) C ker d)Y = Im dY¥ (by exactness). So we have the

following familiar-looking diagram, with bottom row exact:

Because M, is projective, there exists a function f; : M,, — N; such that
ho — go — fod = dY f1, or hog — go = dY f1 + fod}'. From this point, we
proceed inductively.

Suppose that for all ¢ = 0,1,...,k, there exists f; : M; ,_1 — N;
such that h; — g; = dﬁlfiﬂ + fid%n. Note that this implies that d{cv(hk —

gk) = (hy—1 — gr—1)dit,, (by diagram commutativitiy of the chain maps) =

10



(dlzcvfk_kfk—ld%rnfl)d%n = d{cvfkdlzc\ﬁn_kfk—ld%rnfldﬁn = d{cvfkdl]c\/{kn_‘_fk—lo =
d]kvfkd%_n All this implies div(hk—gk—fkdé\/ﬁ_n) = 0, or Im (hk_gk_fkd]kv_i[_n) Q

ker dff =1Im dy,, (by exactness). With this we can draw another diagram:

M k+n

| W—f}c dk]\/{kn
|
N

N
Niy1 —>Im 4y, —0.
k+1

Since My, is projective, there exists a map fri1 : My, — Niy1 such
that hy — gp — fkd]k\ﬁn = d]kvﬂfkﬂ, which is equivalent to saying hy — gp =
de+1f k+1 fkdﬁn. This finishes our induction and the proof.

To prove the last statement of the theorem, just note that f — f =0, so

we can take b = 0. O

Theorems 2.3 and 2.4 will be very important in one development of the
Ext functor, where functions f which satisfy the hypothesis of Theorem 2.3
will be the representative elements of the Ext groups.

The notion of a projective R-module has a dual notion, that of an in-
jective R-module. Many similar theorems hold for injective modules and
resolutions, and in fact much of the theory of this thesis can also be done
with these injective modules. The curious reader can see Eisenbud [1] for
such development; however, we will not concern ourselves with this notion

for this thesis.

11



2.3 Pushout and Pullback

In this section we will develop two more special types of R-modules, each
constructed via homomorphisms.

Suppose M, N, and X are R-modules, and f : M — X, g: N — X
are R-module homomorphisms. Then the pullback (K, i, j) of f and g is an
R-module K and two homomorphisms ¢ : K — M and 7 : K — N such that
fi=gj, and if K’ is another R-module and ¢ : K’ — M and j' : K’ — N are
homomorphisms such that fi’ = gj’, then there is a unique map h: K/ — K

such that the following diagram commutes:

We will now show that this pullback exists and give its explicit form.

Suppose X, M, N, f, and g are as defined above.

Proposition 2.5. Let K C M x N be defined as K = {(m,n) : f(m) =
gn)}. Leti: K — M and j : K — N be the restrictions of the natural
projections; that is, i((m,n)) = m and j((m,n)) = n for all (m,n) € K.
Then (K1, ) is the pullback of f and g.

Proof. 1t is clear that fi = gj. For suppose (m,n) € K, so f(m) = g(n).

12



Then f(i((m,n))) = f(m) = g(n) = g(j((m, n))).

Now suppose (K’,4’, 7') is as in the definition of the pullback, so fi' = gj’.
Define h : K" — K by h(k) = (i'(k),j'(k)) for k € K'. This is well-defined
because f(i'(k)) = g(j'(k)) for all k € K’, so Imh C K. We must also
show that ih = i’ and jh = j’, so the diagram in the definition of the
pullback commutes. Let k € K'. Then i(h(k)) = i((i'(k), 7 (k))) = i'(k), and
J(h(k)) = j((7(k),5'(k))) = j'(k). Thus, the diagram commutes.

All that remains to show is that this A is the unique map which can satisfy
the requirements of the pullback. So suppose A’ : K/ — K is another map
for which the diagram commutes, so ih' = i’ and jh' = j'. For any k € K,
suppose /'(k) = (m,n). Then h(k) = (i'(k),5'(k)) = (i(W'(K)), 5 (W' (k))) =
(i((m,n)),j((m,n))) = (m,n) = h'(k). Thus, h = I/, so h is unique. O

We now define the module which is dual to the pullback. Let M, N, and
X be R-modules, and let f: X — M and g : X — N be homomorphisms.
Then the pushout (7,4, j) of f and g is an R-module T" and two R-module
homomorphisms ¢ : M — T and j : N — T such that if = jg, and if T’
is another R-module and ¢ : M — T" and j' : N — T’ are homomorphisms

such that i'f = j’g, then there is a unique map h : T" — T’ such that the

13



following diagram commutes:

Let us now give the explicit form for the pushout. Let X, M, N, f, and
g be defined as above. Let I C M x N be

I ={(m,n):m= f(x) and n = —g(z) for some z € X}.

I is clearly a submodule of M x N.

Proposition 2.6. Let T' = (M x N)/I, with I as defined above. Let i :

M — T and j : N — T be defined by i(m) = (m,0) and j(n) = (0,n) for

allm e M and n € N, where (m,n) is the equivalence class of (m,n) in T.

Then (T,i,7) is the pushout of f and g.

Proof. First we must show that if = jg, so let + € X. Then i(f(x)) —

7(g(x)) = (f(2),0) = (0,9(x)) = (f(), —g(x)) = (0,0) because of the way I
is defined. Thus, i(f(z)) = j(g(z)) and if = jg.

Now, suppose (1”,4', j') is as in the definition of the pushout, so i'f = j'g.

Define h: T'— T" by h((m,n)) =1i'(m) + j'(n) for (m,n) € T. We will first

14



show that this h is well-defined. To this end, suppose (m,n), (u,v) € T

such that (m,n) = (u,v) <= (m,n) — (v) € I <= m—pu =

f(z) and n — v = —g(x) for some x € X. Then h((m,n)) — h((p,v)) =

‘(m)+j'(n) =i'(p) = j'v) = i'(m —p) +j'(n —v) = '(f(x)) = j'(g(x)) = 0
because @' f = j'g. Thus, h((m,n)) = h((u,v)) and h is well-defined.
We must also show that hi = ¢ and hj = j’, so that the diagram in

the definition of pushout commutes. Let m € M, n € N. Then h(i(m))

h((m,0)) = 7(m) + j'(0) = i'(m) + 0 = ¢(m), and h(j(n)) = A((0,n)) =
i'(0) + 5'(n) =0+ j5'(n) = j'(n). Thus, the diagram commutes.

All that remains to show is that this A is the unique map which can
satisfy the requirements of the pushout. So suppose A’ : T'— T’ is another
map for which the diagram commutes, so h'i = i and h’j = j. Then
for any (m,n) € T, h((m,n)) = i(m) + j'(n) = K(i(m)) + K'(j(n)) =
h'((m,0)) + R'((0,n)) = A'((m,0) + (0,n)) = A'((m,n)). Thus, h = h', so h

is unique. ]

Note that the main points of Propositions 2.5 and 2.6 are to show ex-
plicitly what the pullback and pushout are, as we will now give some basic

properties based on their specific forms.

Theorem 2.7. Suppose we have the following diagram

0—>X T2y, 2oy,

Q

N—=T

15



where (T',1,7) is the pushout of f and g. Then if the top row is exact, there

exists an eract sequence
J € dq
0—-N=>T—-Y —Y,.

That is, we can extend the bottom row to an exact sequence.

Proof. First we define ¢ : T" — Y; by e((m,n)) = dao(m) for all m € M,

n € N. We show this is well-defined by assuming my, ms € M and ny,n, € N

such that (mq,nq) = (mg,ny) in T'. This means that (m; —mg, ng —ngy) € I;

or in other words, m; — my = f(z) and ny — ny = —g(z) for some z € X.

Then 6((m1,n1)) — 5((m2,n2)) = 8((m1 — Mo, N1 — TLQ)) = dg(ml — mg) =
dao(f(x)) = 0, since the top row in the original diagram is exact. Thus,
e((my,m1)) = e((m2, ng)), so ¢ is well-defined.

Now, we need to show the exactness of the sequence

0-NLTSyYy 4y,

So we need to show (i) ker 7 =0, (ii) ker ¢ = Im j, and (iii) ker d; = Im e.

(i) Suppose n € ker j, so j(n) = 0 and (0,n) € I. This is true only if
0 = f(z) and n = —g(x) for some = € X. However, from the fact
that the top row in the original diagram is exact, we know that f is

injective. Thus, z =0, so n = —¢(0) = 0 and ker j = 0.

(it ©) Suppose (m,n) € ker e. Then £((m,n)) =0 = ds(m) = 0, which

16



(iii

(iii

means m € ker dy = Im f by exactness. So m = f(zx) for some z € X.
We note that j(n + g(z)) = (0,n + g(x)) and that m =m — 0 = f(x)

and n — (n + g(z)) = —g(z), so (m,n) — (0,n + g(x)) € I, which

implies that (m,n) = (0,n + g(x)). Thus, j(n + g(x)) = (m,n), and

(m,n) € Im j.

i D) Suppose (m,n) € Im j. This is true only if (m,n) = j(k) for some

k € N. But j(k) = (0,k), so (m,n) = (0,k). Then g((m,n)) =

£((0,k)) = da(0) = 0. Thus, (m,n) € ker e.

C) Suppose y € ker d; = Im dy by exactness. Then y = dy(m) for some

m € M, and £((m,0)) = do(m) =y, soy € Im «.

D) Suppose y € Ime, so y = ¢((m,n)) for some (m,n) € T. But

e((m,n)) = dy(m), soy = da(m), and y € Im dy = ker d; by exactness.

]

In less formal terms, what Theorem 2.7 gives us is that if we have an

exact sequence of R-modules

0=X—>M—2 % 2, — .

and a map g : X — N, then we can construct a new exact sequence

0=N—=T—21 % 7, — ...

?

17



where we note that the ends of the sequences are equal. We have a similar

result for the pullback.

Theorem 2.8. Suppose we have the following diagram

iy
jl /
Yy 2oy, 2o N X 0

g

where (K1, j) is the pullback of f and g. Then if the bottom row is ezxact,

there exists an exact sequence

0—>Y0d—0>Y1i>Ki>M—>O

Proof. Let € : Y7 — K by e(y) = (0,d1(y)). This is well-defined because
g(di(y)) = 0. The proof is the exact dual of that of Theorem 2.7. O

2.4 Functors

Let us give just a few definitions from category theory.
A category C is a class of objects ob(C) and a class of sets of mor-
phisms mor(A, B), one for each pair of objects A and B, with the following

properties (f € mor(A, B) is denoted f: A — B)

i) For each triple of objects (A, B,C), there is an associative function

called composition from mor(B,C) x mor(A, B) — mor(A,C). For

18



f:A— Bandg: B — (| its image under composition is denoted

gf :A—C.

ii) For each object A, there exists a morphism 1, : A — A called the
identity on A such that forany f: A — Borg: B — A, lag=g
and fly = f.

To name a few examples, the class of all sets as objects with maps of sets
as the morphisms is a category. Also, more of interest to us, the class of
all R-modules for a given ring R as objects with R-module homomorphisms
as the morphisms is a category. We can discuss certain kinds of mappings
between categories.

Let C and D be categories. A covariant functor F from C to D (denoted,
of course, F : C — D) is really just two functions, the image of each denoted
by F, which assigns to each object A of C an object F(A) of D, and assigns
to each morphism in C, g : A — B, a morphism in D, F(g) : F(A) — F(B),
such that F(14) = 1pa for each object A in C and F(gh) = F(g)F(h) for
each morphism ¢ and h in C where gh is defined.

Likewise, a contravariant functor G from C to D (denoted G : C — D)
is two functions, the image of each denoted by G, which assigns to each object
A of C an object G(A) of D, and assigns to each morphism in C, f: A — B,
a morphism in D, G(f) : G(B) — G(A), such that G(14) = 1ga) for each
object Ain C and G(fh) = G(h)G(f) for each morphism f and h in C where
fh is defined.
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Colloquially, the difference between covariant and contravariant functors
is that covariant functors leave morphisms pointing the same way, whereas
contravariant functors flip the morphisms around.

Let us give an example of two functors. First, let C be the category of
R-modules for a given ring R, and let D be the category of sets. The forgetful
functor, ¥ : C — D, is a covariant functor which assigns to each R-module
just its underlying set, and leaves each morphism unchanged, excepting that
there is loss of information as just a map of sets.

Of more interest, now let C be the category of R-modules, let B be a
fixed R-module, and let D be the category of abelian groups. Then the
contravariant hom functor, Homg(—, B) : C — D, is a contravariant functor
which assigns to each R-module A the set mor(A, B), and assigns to each
morphism f : A — C the morphism Hompg(f, B) : mor(C, B) — mor(A, B)
defined by Hompg(f, B)(g) = gf for each g € mor(C, B). This functor will

be applied very much in the sequel.

3 DEVELOPMENT OF EXT

Let us now begin the main idea of this thesis, the development of the Ext
functors Exts(—, N) of arbitrary R-modules M and N. There are two com-
mon ways of describing elements of each Ext group Ext% (M, N) (note the
abuse of notation), one involving projective resolutions, and one involving

equivalence classes of exact sequences.
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3.1 From Projective Resolutions

Throughout this subsection, we assume that M and N are R-modules with

respective projective resolutions

M gy dM !
M M- M —My— M0
and
dy, dN aN N aN
(N) LN S e 2SN S Ny S N — 0.

Also, whenever we write brackets around something, it implies an underlying
equivalence class.

We apply the contravariant hom functor Homg(—, N) to the deleted res-
olution M of M (M without M) to get another sequence (not necessarily

exact),

M * M *
d2

(Homg(M, N)) 0 — Homp(Mo, N) 2 Homp(M;, N) Z— ... |

where dM” : Hompz(M;_1, N) — Hompg(M;, N) by sending f : M;_; — N to
fdM : M; — N. That is, for all z € M, (dM*(f))(x) = f(dM(x)). The reader
M *

can easily verify that df, d * =0, so this is indeed a cochain complex. We

define the nth Ext group to be the cohomology of this new sequence:

Exth(M,N) = ker(d%l*)/lm(d%*).
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The nth Ext functor of M with respect to N will be the functor

Exth(—, N) : R-Mod — Ab,

where R-Mod is the category of R-modules, and Ab is the category of
Abelian groups. To quickly describe our notation, suppose o € Ext,y (M, N),

so a = [+ Im(d") for some f € ker(dV

M %) C Hompg(M,, N). We will

denote o by [f]. We will show that this definition of the Ext groups is
actually independent of the choice of projective resolution. But we must first
show the equivalence of this definition to a definition dealing with homotopy
classes of chain maps.

In this case, consider F"(M, N) to be homotopy classes of chain maps
of degree —n from M to N. That is, [f] € F"(M,N) if and only if f =
{fi  Miyn — N;}3°, is a chain map. Two equivalence classes of chain maps
[f], lg] € F™(M, N) are considered to be equal if and only if f ~ g. This is

well-defined because of the fact that ~ is an equivalence relation.

Theorem 3.1. For given projective resolutions of M and N, Exty (M, N) =
Fr (M, N).

Proof. We assume that M and N have respective projective resolutions M

and N as above. Let us construct the needed isomorphism.
Suppose [f] € Ext}y(M, N), so f : M,, — N such that d™ " (f) = fd¥ , =

0. So by Theorem 2.3, there exists a chain map f' : M — N of degree —n
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induced by f. Let
¢ Extip(M,N) — F*(M,N)

be defined by ¢([f]) = [f’]. This ¢ will be the isomorphism from Ext, (M, N)
to F(M, N). We must show that ¢ is well-defined. If [¢] € Ext’, (M, N) such
that [f] = [g], then this means that f — g € Im(d"), so f — g = (dM")(b) =
bd™ for some b : M,,_; — N. Applying Theorem 2.4, we have that f and ¢
induce chain homotopic maps, so ¢([f]) = ¢([g])-

Now suppose [f'] € F*(M,N) such that ' = {f; : My, — N;}32.
Then f = dY fo : M, — N is such that d " (f) = fdM, = (dY fo)d., =

dév(fodﬁﬂ_l) = dé\/'(d{\/fl) = (dévdjlv)fl = Ofl = O, SO f - ker(d%l*). Deﬁne

b F*(M, N) — Ext’(M, N)

by ¥([f']) = [f]- We will show that ¢ is well-defined. If [¢'] € F"(M,N)
such that [f'] = [¢'], then f' ~ ¢, so there exists a series of maps {h; :
Miin—1 — N;} such that f; — ¢; = dN hiy1 + hid}, for all i > 0. In
particular, fo—go = dYhi+hod™. So d fo—dN go = dY (fo—g0) = dY (dNhy+
o) = d () Y (o) = (A Y-+ (0 o) = Oh + (A )2t =
0+ (d¥ho)d* = (dYho)d?. This means that there exists b : M, ; — N
(b= d ho) such that d fo — d¥ go = bd™, so [dY fo] = [dY go] in Ext’(M, N),
which means that ¢ ([f']) = ¥([¢']).

It is clear from the way that a map in Ext,(M, N) induces a chain map

as in Theorem 2.3 that ¢y = Lextn (). We will show that p¢ = Tgnu, Ny,
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Land ¢ is thus bijective. We assume that we have some chain

S0 ¢ = @~
map f = {fi : Miyn — Ni}2o. Then ¢(f) = d fo, and (d fy) = h = {h;
M — N;}32,, where d)ho = dY' fo. We can once again apply Theorem 2.4
to say that d)hy and df fy will induce homotopic chain maps. Thus, h ~ f,
and Y = lpn(u,N).-

Therefore, ¢ is a bijective map from Ext; (M, N) to F™(M, N). We need

only to show that ¢ preserves sums to show that ¢ is an isomorphism. This,

however, follows clearly from the definitions. n
We can now remove the dependence on a specific projective resolution.

Theorem 3.2. The definition of Extlh(M,N) does not rely on a specific

projective resolution.
Proof. Suppose M has two projective resolutions, M as before and M’ as

/ aiy ay'' oo dt L dg
(M) - M M S M 2 M=o

Since d) : My — M, this can induce a chain map of degree 0 f = {f; : M; —
M}, from M to M. Similarly, since d}' : M} — M, we have an induced
chain map of degree 0 f' = {f] : M/ — M;}2, from M’ to M. Note that we
have d)'f, = d) and d) f} = d}', so by substitution d3 (f}f,) = dM and
dM'(fof}) = db'. By the comparison theorem, this means that a chain map
induced by d}!(f3 fo) will be chain homotopic to a chain map induced by d}’.

Specifically, f'f is therefore chain homotopic to 1 = {1,/,}2, so there exists
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a sequence of maps {h; : M;_1 — M} such that f/f; — 1y, = dz+1h,+1 + h;dM
for all 7 > 0, where M _; is defined to be M. Likewise a chain map induced
by d}! /( fof}) will be chain homotopic to a chain map induced by d}! ' and
thus ff" is chain homotopic to 1" = {1 }32,

Because of Theorem 3.1, we will focus only on F"(M, N). So suppose
g = {9 : My, — N;} is a chain map of degree —n from M to N, and
h = {M/,, — N;} is a chain map of degree —n from M’ to N. We can
construct a chain map from M’ to N by taking ¢ = ¢gf’. Likewise, we can
construct a chain map from M to N by taking i’ = hf. We will show that
these two processes are inverse to each other by showing that ¢ = ¢'f ~ ¢
and b =N f" ~ h.

Firstly, ¢" = ¢'f = (9f')f = g(f'f). We would like to show that g(f’f) ~
g. To this end, since we know that f'f ~ 1 as above, g;(f/,,fitn) — 9 =

9i(flinfien — Wagy,) = Gi(dM 1 hisnga + hisndl],) = (gd} 1) Pivnsa +

(gihirn)di, = (dN19i01) Pinir H(gilivn) Y, = A1 (Giva Pivnga) H(gilivn) 2,
So defining {k; : Miyn_1 — Ni} by ki = gihitn, we get gi(fiy, fisn) — 9 =
A 1kien + kid},, 0 g(f'f) = g" ~ g.

We can similarly show h” ~ h. Thus, the processes of obtaining new
homotopy classes of chain maps are invertible, so the choice of specific pro-

jective resolution is irrelevant. O]
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3.2 The Yoneda Description

We now develop a very different description of the Ext groups, in an attempt
to modernize the same descriptions given in Mac Lane [2]. Throughout this
subsection, we assume that M and N are R-modules.

For n € Z*, let S"(M, N) be the set of all exact sequences of the form

0—-N—-X,— - —=X1 > M-—0,

where X; is an R-module for ¢ = 1,...,n. We can define a relation ~ on

S"(M,N). Suppose «a, 3 € S"(M,N) as

a: 0—-N—-A,— - —A —-M-—0

6: 0—-=N—B,— --—B —M—0.

We say that a ~ (3 if there exists maps from A; — B; such that the following

diagram commutes

0 N A, e Ay Ay M 0
0 N B, e B, B, M 0.

We must note that ~ is not an equivalence relation (unless n = 1), but we
can define Yoneda equivalence ~y to be the equivalence relation generated

by ~. That is, a and 3 will be considered to be Yoneda equivalent, and we
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write a >~y [ if there exist R-modules Xl-j and maps such that the following

diagram commutes

0 N A, A; Ay M 0
0 N X, X} Xi M 0
0 N X} XF XYy M 0
0 N B, S B e By M 0,

where the up-down arrows indicate that at any given level, the maps are
either all pointing upwards or downwards.

Now, we define

T"(M,N) = S*(M,N)/ ~y .

We will show that T"(M, N) = Extz(M, N), but let us first define the sum
of two elements in T"(M, N), as it is not so obvious.
Let [a], [8] € T"(M, N) with a and [ denoted as above. The Baer sum

of T"(M, N) is a specific binary operation

B : T"(M,N) x T"(M,N) — T"(M, N),
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where the image of ([a], [5]) under B is denoted [o] B [3]. In defining the
Baer sum of [a] and [f], let K be the pullback of the maps A; — M and
By — M. Also, let T be the pushout of the maps N — A, and N — B,.

Note that by Theorem 2.7 we have exact sequences

0—-B,—-T—A,1—--—A — M —0, and

0—-A,—-T—-B,1—-—B —-M-—0.

Similarly by Theorem 2.8 we have exact sequences

0—-N—-A,— - — A —- K — B; — 0, and

00— N—B,—+-—By,—K— A —0.

The Baer sum [o] B [5] is defined to be the equivalence class (under ~y-)

of

0O—-N—-T—A, 1B, 1— - —APB, —K—>M—0,

where the maps A; ® B; — A;,_1 @ B;_1 are just the direct sum of the maps
A; — A,y and B; — B;_;. The map T — A,,_1 & B,,_; is the direct sum
of the maps T' — A,,_1 and T" — B, _; as described in the above exact
sequences. Similarly, the map A, & By — K is the coordinate-wise map

comprised of the maps Ay — K and By — K from the above sequences. The
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map N — T is the composition N — A, — T (= N — B, — T). Finally,
the map K — M is the composition K — A; — M (= K — B; — M).
This description of the Baer sum is incorrectly stated in Weibel [3], so the
following notations and theorem will help clear up any doubts about the
correctness of this definition.

Clearly, there are some issues to consider with this definition (exactness
and well-definedness). Let us begin by showing that this newly constructed
[a] B [7] is exact, and thus actually a member of S"(M, N). For this, let us
give names to these maps, so we can more easliy refer to them. So suppose

«a and [ are as above, but with the maps labeled

s do de 4o

a: 0—-N-""54 .o A -5 M0
a’ & 4 e

f: 0—-N—"%5B, ... 5B - M-=D0.

Also, the pullback of d and d” is (K, i%, j0), s0i¢ : K — Ajand j0 : K — B,

such that d¥® = d?;0. The pushout of d%,, and dﬁﬂ is (T,4¢,75), so

i : A, — T and j§ : B, — T such that i§d®,, = j)d’,,. We label the
€ s dg &0 0@dy

maps T — A,,_1, T — B,_1, A, —— K, and B, — K from the above

exact sequences. So the final Baer sum will be the equivalence class of the

following sequence:

igds ., dg_yed_,

0— N

55‘@55
T An—l D Bn—l
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dg&dy dg@dy

dyf

K M — 0. (1)
Theorem 3.3. Equation (1) above is ezxact.
Proof. We need to show all of the following:

1. Tm (d%i%) = M

2. ker (d%¢) = Im (d$ & dJ)

3. ker (df @ d)) =Tm (d?, @ d,,) foralli =2,...,n—2

4. ker (d®_, @ d’_ ) =1Im (5 ® £5)

5. ker (¢§ @ ¢5) = Im (igd2, ;)

6. ker (igd5 ) = 0.

We begin:

1. Im (d§4$) = M.
By Theorem 2.8, 7' is surjective because d? is surjective. Also, we know
that d$ is surjective. Thus, di{ is surjective, and Im (d{i$) = M.

2. ker (d%¢) = Im (dg & d).

Suppose (a,b) € ker (dfif), so i{(a,b) € ker df. But remember that
i@ (and %) are restricted projections, so i¥(a,b) = a. Therefore, a €
ker df = Im d$, so a = d$(z,) for some z, € Ay. Similarly, since (a, b) €

K, then d¥(a) = d?(b) = 0, and we have b = dj(z,) for some z, € B,.
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Thus, choosing (2, 2,) € A2® By, (d§ & d3)(2a, %) = (dS(2a), d5 () =
(a,b), so (a,b) € Im (dy @ d3), so ker (d¥¢) C Im (d$ & dj).

Conversely, if (a,b) € Im (d @& dJ), then (a,b) = (d$(z,),d5(z)) for
some z, € Ay, z, € By. Then d$(i¢((a, b)) = do(i9((dS(z0), d5 (%)) =
d{(d$(z,)) = 0, which means that (a,b) € ker (dfi$). Hence, ker (dfi§) =
Im (d§ @ dj).

Cker (d¢ @ d)) =Tm (d¢,, ®d},) foralli=2,....n—2.

Clear because ker dif = Im dj; and ker d’ =Tm d’ -

Cker (d , @d’ ) =TIm (5 @ ed).

Let us first recall from Theorem 2.7 that £§ @ 55 T — A,1® B

by (65 @ &5)(w,y) = (5 ((,9)), &5 ((2,9))) = (d5(2),d}(y)), where the

line over (z,y) represents the equivalence class in 7T

From this it is clear that since ker di)_; = Im d, = Im €5 and ker dﬁ_l =

Im d° = Im &), then ker (d*_, &d’_ ) =Im (c§ & &5).

. ker (6§ @ ef) = Im (igd®,,).

Let (a,b) € T. Then (a,b) € Im (i§d%,,) if and only if (a,b) =

i5(d%,,(2)) for some z € N. But i5(d5 (2)) = (d%,,(2),0), which

is equal to (a, b) if and only if a —d% (2) = —d2,,(y) and b = dgﬂ(y)

for some y € N, which is equivalent to saying

a = df:+1(2 —y) and b = ngrl(y)
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for some y,z € N.

On the other hand, (a,b) € ker (69 @ ¢)) = (¢ @ £5)((a,b)) =

(0,0) <= (e5((a,b)),&5((a, b)) = (0,0) <= &5((a,b)) = 0 and £5((a, b)) =
0 <—

d%(a) =0 and d’(b) = 0.

From these two points, it is clear that ker (¢§ @ 55) =Im (i5d%, ).

6. ker (i5d%,,) = 0.
Suppose z € ker (i5d7,,). Then i§(dy () = 0in T, so i5(ds, ,(z)) =

(=ds1(9): dsi (y)) for some y € N. But i§(dy,(2)) = (di4(2),0),

so we get do, (z) = d,,(—y) and dgﬂ(y) = 0. Since d§+1 is injective,

this means that y = 0, so d% () = 0 and = = 0, since d{, is injective.

thus, ker (i§d%,,) = 0.

This allows us to move forward with a main result.
Theorem 3.4. For any n > 1, T*(M,N) = Ext},(M, N).

Proof. Let us construct the bijection

¢ Exth(M,N) — T"(M, N).

Suppose [f] € Extly (M, N), as derived from projective resolution M from the

previous section. Then f is a cocycle such that f : M, — N and fd,]y+1 = 0.
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This means that ker dfy = Im d,%l C ker f. Since Im d,]y = ker dM, C

M, _1, we have an exact sequence

M
L —1
0—Imd¥ L M,y "= ... = My — M —0,

where ¢ is the natural injection. From this we will construct a member of
T"(M, N).

Define f': Im d¥ — N as follows. Let z € Im d¥ <= z = d¥(y) for
some y € M,. We will define f'(z) = f(y). This is well-defined because if
y1,y2 € M, such that d¥(y;) = x = d™(y,), then y; — y» € ker dM C ker f.
So fy1 —y2) =0 = [f(y1) — f(y2) =0 = f(y1) = [(y2)-

With this function f’, we call on Theorem 2.7 to create the exact sequence

a in the bottom row of the diagram

M
d'nfl

0——Im d™ ——= M, M, M 0
T
a 0 N—L—T M, M 0,

where (7,1, j) is the pushout of ¢ and f’.

We can finally construct our ¢ : Exth(M,N) — T"(M,N) by setting
o([f]) = [a]. As always, we must first show that ¢ is well-defined. Suppose
[f],[g] € Exth(M,N) such that [f] = [g] < f —g = bd¥ for some
b: M, 1 — N. Using the same notation as above (just subscripted for

clarity), let (T%,iy,js) be the pushout of ¢ and f’, and let (7}, 144, 7j,) be the
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pushout of ¢ and ¢’. We need to show that o([f]) = ¢([g]), so we need to

find a map h : Ty — T, such that the following diagram commutes:

o((f)) 0—= N1y My—> M —=0
v (lg]) 0—> N YLgh —=M——=0

Note that for z € Im d™

n

r = dM(y) for some y € M,, just as stated
above. We defined f'(x) = f(y) and analagously ¢'(x) = ¢(y). But since
f—g="0dy", we have f'(z) = f(y) = g(y) + b(dy' (y)) = ¢'() + b(z).

For (m,n) € Ty, define h((m,n)) = (m,n+b(m)) € T,. To show

(
that h is well-defined, suppose (my,n1), (mg,ng) € Ty such that (my,ny) =

(mg,n2) <= my —mg = 1(x) and ny — ny = —f'(z) = —¢'(z) — b(x) for

some x € Im d. Recall that ¢ is a natural injection (C), so ¢(z) = x and

my — mg = x. To show that h((mq,n1)) = h((m2,n2)), we must show that

(m1,n1 4+ b(mq)) = (Mo, n2 + b(me)) <= my —mg = 1(y) and ny +b(my) —
ny — b(my) = —¢'(y) for some y € Im d*. Notice that choosing y = z is
satisfactory, because m; — ms = t(x) = z and ny + b(my) — ny — b(my) =
(n1 — ng) + b(my — my) = (—¢'(z) — b(x)) + (b(x)) = —¢'(x). Thus, h is
well-defined.

To show that A makes the diagram commute, we only need to make a

simple check that hjr = j,: forn € N, h(7¢(n)) = h((0,n)) = (0,n + b(0)) =
p Jf =Jg , h(jr(n)) = h((0,n)) = (0, (0))

(0,n+0) = (0,n) = j,(n), taking note of whether we are in equivalence

classes of T or Tj,.
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This all shows that ¢ is well-defined. Now we turn our attention towards
proving that ¢ is indeed a bijection. We will do this by finding an inverse
function

¢ T(M, N) — Ext?(M, N),

which we will define with some ideas from Weibel [3].
If [a] € T"(M, N), then we can use the projective resolution M of M to
induce a chain map {h;} from M to a induced by d}! in a manner similar to

that of Theorem 2.3, best explained by the following commutative diagram:

d;VI aM dibvi M aM
o My s M, My "= > My —> M 0
d]\/f
lhnﬁ»l ihn \Lhnl th
Q: 0 N Xn ce X4 M 0.
From commutativity we have hnan+1 = 0, so h, € ker (d,%l*); that is,

[hy] € Ext™(M, N).

We define ¥([a]) = [h,] and must now show that 1) is well-defined. So
suppose [a], [B] € T"(M, N) such that [a] = [5]. It suffices to assume that
a ~ (3, so we have a sequence of maps {e; : A; — B;}, such that the

following diagram commutes

a 0 N A, - Ay M 0
B 0 N B, > B M 0
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We need to show that ¥ ([a]) = ¥([8]) < ¥([a]) — ¥([B]) = bd¥ for some
b: M, — N.
Let ¥([a]) = [h¢] and 9([3]) = [h?] as described by the following dia-

grams:
d}\/[ d]u d}\/[ dJVI d]\/l
n+1 n n—1 1 0
=My —— M, —= M, M, M 0
e e e B
a® 4o do do
+1 n 2 1
a 0 N—/= A, e Ay M 0
and
d aM di aM aM
—= Vlp41 Mn Mn—l MO M 0
po e, | e
d 3 d d
+1 dn,
B 0 B, By M 0

Putting this together with the diagram relating o and 3, we get

M dM dM d{” dé”

o My =2 M, M, | ... M, M 0
S P

o 0 N dry A, dy ~ dg A, dy M 0
|- |

5. 0 N d iy B, . dy B dy M 0.

From this we see d) = dVe,hd, and thus any two chain maps induced from
these two maps are chain homotopic. In particular, {e;;1h¢}7—}! ~ {hf [y

So, defining B,+1 = N, there exists a sequence of maps {f; : M~y —
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Bi1},, such that
eithf — W = dys fin + fid!
foralli =1,...,n — 1. In particular,
enliy_y — hg—1 = dg-}—lfn + faaddl ).

Now we will show that h% — h? = bd™ for some b: M,,_; — N. To this end,
note first that dﬁ 1he = e,h¢_1dY from the above diagram, and dZ R =

he _dM since {h;} is a chain map. So d”,,(he — h?) = d’,,

he — d°

n+1hg =

enhg—ﬂ% - hg—ld% = (enhp_y — hg—l)an = (d§+1fn + fn—lan—1)d% =

APy fod 4 oy d™ @M = dD fud 0 = dP, fudM. To summarize,
dgﬂ(hg - hg) = dg+1fndy7
and since dﬁ 41 1s injective, this means that
B — b = fud,

where f, : M,y — N. Thus, h% ~ b and ([a]) = [h3] = [b] = ([3]).
We have thus shown that both ¢ and ¢ are well-defined. We must now
show that =1 = 1); that is, we will show that 1y = Lextn (v,n) and o =

1Tn(M7N) .
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Let [f] € Ext}(M,N), so f : M, — N and fd}, = 0. As described

before, p([f]) = [a], where we have
o O—>Ni>—>T—>Mn_2—>~~~—>MO—>M—>0,

using the notation from when we first defined ¢ at the beginning of the proof.
We now take ¢([a]). Notice that the following diagram is commutative, so

¥([a]) ~ f, since we have just show that v is well-defined:

iy M
Mn+1 Mn Mn—l - Mn—Z te MO M
Ll
o 0 N —2 T M, T My M

The fact that this diagram is commutative follows directly because the orig-
inal pushout diagram is commutative, and since fd» , = 0. Thus, ¢ =
LExtn (M,N) -

Now, let [a] € T"(M, N). Then, once more using the notation already

established earlier in proof, ¢ ([a]) = [h,], where h,, : M,, — N is defined by

WAy dLay oy
= 41 Mn Mn—l te M() M 0
\Lhn+l lhn \Lhn—l lho
dg as s dast
n+1 n 2 1
a: 0 N A, E Ay M 0.

Then ¢([hy,]) = [5] will be the following exact sequence, where we once more
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use the same notation as previously established:
154 O—>Ni>T—>Mn_2—>---—>MO—>M—>O.

But from above, we have a natural chain map from 5 to a, so ¢([h,]) = [¢]
and oY = lpn(ar, Ny

We have shown that ¢ and v are bijections, so all that remains to be
shown is that v is a homomorphism, so it preserves sums. So let [a], [5] €
T"(M, N) as described above. We will show that the diagram below is com-
mutative, so (o] 8 [8)) = $([o]) + ¥([6)). Suppose ¥([o]) = [{A2}] and
¥([B]) = [{h?}]. Then the diagram is as follows, using the same notation as

set up when defining the Baer sum:

aM aM aM dM M
n+1 n n—1 1 0
M, M, . M, s . M, M, M
lh%—f—h,‘i ihgl@hﬁl ith@hﬁ_Q lh‘f@hf lhg@hg
0 N oo T o B An—l S Bn—l = > AQ S¥ BQ B K Jogo M
2%n 41 £S5 Dey ds ®ds 14

It is actually a relatively simple exercise that the diagram commutes. The
only square that needs a little work is the first and last square. Solet m € M,.
Then (d§'i§(h§ @ hg))(m) = d (i (hg(m), hg(m))) = dg (hg(m)) = di' (m).
Thus, the first square commutes.

Now we work on the last square; so let k € M,,. Then iyd? , (h2+h8)(k) =
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i3 (dp 1 (b () + B (K))) = i (dy (R (R)) + di (R () =

(do 1 (R (k)) + d2,y (B (K)), 0).

From the other part of the square, ((h%_, @ k2 )dM)(k) = (he_,(dM (k)), h°

(do 1 (he(K)), iy (B (K))).

We will show that these two elements are equal in 7. This is clear from
the fact that when we subtract the two elements, their difference is in the
ideal quotiented out to form T: (d%,, (h%(k)) +d2 ,(RE(k))) — d%, (RS (k)) =
diy (R (K)), and 0 — dy (h(k)) = —dyp,, (RS (K)), noting that AJ(k) € N.
Thus, the last square commutes.
From this, we see that 1) preserves sums. This finally ends the proof that
T"(M,N) = Ext}(M, N).
O

Note that we did not define T°(M, N). This is because it is a somewhat
more unnatural definition which must be given its own consideration, which

we will do now. So define
T°(M, N) = Homg(M, N).

Proposition 3.5. T°(M, N) = Ext%(M, N).
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Proof. We will construct the isomorphism, once again sticking with the same
notation for a projective resolution of M as already established. So let f €
Ext%(M,N). Then f : My — N such that di(f) = fd; = 0. Therefore,
ker f O Im d; = ker dg. Now let x € M. Because dj is surjective, there
exists some m € My such that dy(m) = x. Define f': M — N by f'(z) =
f(m). This is well-defined, because if m;,my € My such that do(my) =
do(msz), then do(m; —ms) = 0 and my; — mgy € ker dy C ker f, which implies
that f(m; — ma) = 0, so f(my) = f(mg). We define our isomorphism
Ext% (M, N) — T°(M, N) by sending f + f’. The reader can verify that the
inverse map T°(M, N) — Ext% (M, N) is the map which sends g : M — N
to gdo : My — N. Note that gdy € Ext%(M, N) because d;(gdy) = (gdo)d; =
g(dody) = g0 = 0.

Because we define the sum of two elements in T°(M, N) to be the natural
sum of maps, the isomorphism is clearly a homomorphism which preserves

sums. O

4 THE EXT-ALGEBRA

Now that we have shown two seemingly unrelated definitions of the Ext
groups which are actually equivalent, we can begin to develop the algebra
structure which makes these groups of particular interest.

Throughout this section, M, N, and P are all R-modules with given

projective resolutions (M;, dM), (N;,dY), and (P;,d?), respectively.
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We define the Ext-Algebra of M to be

Extp(M, M) =) Exty(M, M).

1=0

This is a graded algebra for which we will define the multiplicative structure

below, for each of the two descriptions of the Ext groups.

4.1 Multiplicative Structure

The definition of Extr(M, M) forms a graded algebra in the sense that there

is a natural multiplication from
Ext’(N, P) x Extly(M, N) — Ext%? (M, P).
Let us describe this multiplication.

4.1.1 From a Projective Resolution

In this subsection, we will be using the definition of the Ext functors from

projective resolutions. That is,
Exth(M, N) = ker(d,”) /Tm(d").

Let [f] € Extiy(M,N) and [g] € Ext%(N, P). We recall that by Theorem
3.1, this definition of the Ext groups is naturally equivalent to considering

the maps as their induced chain maps. So let f = {fi : M. — Np}32,
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and g = {gx : Njr — Pp}2, be the induced chain mpas of degree —i and
—j, respectively. We will describe the multiplication over these chain maps.

Denoting the multiplication by juxtaposition, we define

9111 = {9 firn : Mitjrr — Prtilo-

Clearly [g][f] € Extly’(M, P), as depicted by the following commutative

diagram:
oMy —— - —— My j 1 —— M —— -
J/fHk lfj+l J/fj
o N N N;
J{gk J{gl J(go
By o Py F P 0.

Proposition 4.1. This multiplication from Extl,(N, P) x Ext% (M, N) —

Extigj(]\/[, P) is well-defined.

Proof. Let [f] and [g] be as above, and let [f'] € Exth(M, N) and [¢] €
Ext%,(N, P) such that [f] = [f'] and [g] = [¢]. If we let f' = {fl : My —
N}y and ¢ = {g}, : Njox — Pe}2, be induced chain maps from f’ and ¢/,
repectively, then this means that f ~ f/ and § ~ ¢. In other words, there
exist sequences of maps {ay : M;1r, — Nigi1} and {b, : Njir — Pyy1} such
that

/ N M
Je =[x = diak + ap—1d;y,
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and
9k — G = dfﬂbk + bk—ldﬁk

for k > 1. We need to show gf ~ ¢'f’; that is, we must find a sequence of

maps {c¢ : Miyj+x — Pri1} such that
I fivk — G fion = dy v Cr + Ck_1d%j+k.
Let Cr = bkfj+k + g,’€+1aj+k. Then

diron + ckadiy s = Ay (e fin + Gha @) + (k1 fjrr1 + Ghajrr—1)di s
= dkP+1bkfj+k + dkp+19;c+1aj+k + bk—lfj—&—k—ld%_j_;_k + g;aj+k—1d%j+k
= (dipabefyen + Ono firnardiy ) + (A0 Ghr @ik + Ghajn-1diy o)
= (diabefivn + o1 dp fien) + (G @k + Grjrn—1dit 1)
= (d b + b1 d) ) frvn + Gr(dNepr @gan + @jen—adiyop)
= (9x — 9u) fivr + 9 (fivr — fisn)
= Gefien — G fisn + G five — Gefin

= gkfj+k - g];f]/'—‘rk"

Thus, our maps are chain homotopic and therefore in the same equivalence

class, so the multiplication is well-defined. O
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4.1.2 Yoneda Product

In this subsection, we will be using the definition of the Ext groups as equiv-
alence classes of exact sequences. That is, letting [a] € Ext%(M,N) and

18] € Eth.-g(N, P), we have

B 0 P B; B N 0.

Define the Yoneda product [§][a] € Ext%” (M, P) to be the equivalence of

the exact sequence formed by splicing o and 3 together at V:
Bao: 0—=P—=Bj—---—=DB —A —--—=A —M-—0,
where the map By — A; is the composition of B; — N — A;. It is clear

that this is indeed an exact sequence.

Proposition 4.2. This multiplication from Ext},(N, P) x Ext(M,N) —
Ext%? (M, P) (i,j > 1) is well-defined.

Proof. Let [a] and [3] be defined as above, and let [a/] € Ext’ (M, N) and
(8] € Exth(N, P) such that [a] = [o/] and [8] = [#']. Then (without loss of

generality), there exists a sequence of maps (either all up or all down in each
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diagram) such that the following diagrams commute:

Q 0 N A; Ay M 0
| |
of 0 N Aj Al M 0
and
B 0 P B; e B, N 0
| |
G 0 P B; . B N 0.

We can thus create the following diagram, so [fa] ~y [B'd/], or [f][a] =

[5][e]:

Ba 0 P B; e By A, e Ay M

0 P ; - By A; : Ay M

Ba 0 P f B Al : Al M
O

The descriptions of the product when either ¢ or j is 0 follow; recall that

Ext% (M, N) = Homg(M, N). For a € Ext%(M, N), denote o by M = N.
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Then the product

Ext?,(N, P) x Ext%(M, N) — Ext},(M, P)

Ext’, (N, P) x Homg(M, N) — Ext},(M, P)

is given by the exact sequence
O—>P—>B§—>---HB{—>M%O

guaranteed by Theorem 2.8, since we have a map M — N and can form the

pullback of that with the map B; — N. Similarly, the product

Ext%(N, P) x Exty(M, N) — Extl(M, P)

Hompg(N, P) x Exth(M, N) — Exth(M, P)

is given by the exact sequence

0—-P—A —-- A —-M-—0

guaranteed by Theorem 2.7, since we have a map N — P and can form the

pushout of that with the map N — A;. Finally, the product

Ext%(N, P) x Ext% (M, N) — Ext%(M, P)
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Hompg (N, P) x Homg(M, N) — Hompg(M, P)

is given simply by the composition M — N — P. The studious reader can

easily check the well-definedness of these products (the last one is trivial).

4.1.3 Agreement of Products

We will now show that the Yoneda product agrees with the product given
above through the chain map definition of the Ext groups by referring back

to our isomorphism constructed in Theorem 3.4.

Theorem 4.3. Fori,j > 0, the two descriptions of the product

Ext’,(N, P) x Exthy(M, N) — Ext+7 (M, P)

defined above are equivalent. That is, letting ¥ be the isomorphism from the
Yoneda description of Exty(M,N) (call it T"(M,N)) to the projective res-

olution description of Ext(M, N) (call it R"(M,N)) described in Theorem
3.4, if [o] € T'(M,N) and [3] € TV(N, P), then ([5][o]) = &([B])¥([a]).

Proof. Denote a and [ as usual:

a: 0—->N—-A —-+—A - M—0,

g: 0—=P—=DBj—---—DB — N —=0.
We know that ¢ ([a]) = [f], where f : M; — N such that fd¥, = 0. Likewise,
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¥([8]) = [g], where g : N; — P such that gdY,, = 0; and ¥([3][a]) = [A],
where h : M ; — P such that hd}{;,, = 0.

The result follows from the following commutative diagrams:

w([a}) : s —— M Mz Mi,1 MD M 0
ifif lfz’—1 lfo
0 N AZ. Ce Al M ()7
¥([8]) Nj1 N; Nj-1 No N 0
lggg \ng—l lgo
0 P Bj Bl N O,
P([Bal) : Miy; Mt M; M;— My M
lhi+j:h ihi+jl lhi lhil lho
0 p B, SYSIENY; N J R —

We compare these three diagrams to the one below, which represents

(8D ([a])-
o My ——> My M, M, M, M 0
b e o e |
N; N;_, N, A A M 0
o e X
P B; B, A; Ay M 0.

Here, the f, represent the lifting of f;_; to a chain map between the
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top and middle chain. This diagram in in fact commutative. It is an easy
exercise to show that the middle squares commute, and those are the only
two which require any work. The leftmost downwards composition of maps
represents the map ¥([f])y([a]). By construction, it is clear that h ~ gf},
so p([Bal) = [n] = [gfj] = ¥ ([B])¢([a]).

[

As in the other theorems above, the previous theorem is also true for

t=0or j =0, as it is constructed to work this way. We omit the proof.

5 EXAMPLES OF EXT-ALGEBRAS

After all these definitions and proofs, it will help to give a few examples to
perhaps clear up a bit of the abstraction. In each subsection, we will choose
a specific ring R and R-module M. From this, we will work our way towards

a presentation of Extr(M, M), the Ext-algebra of M, where

Extp(M, M) = " Exty (M, M).

1=0

Each of the Ext groups is constructed and analyzed through the cohomo-
logical definition. For this we will need a projective resolution of M, so we
note here that, for any n € Z*, R" is a free and thus projective R-module.
Also note that this section will use many diagrams to depict the elements of

Ext% (M, M) as homomorphisms.
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5.1 Non-Zero Divisor

Let R be a commutative ring and z € R be a non-zero divisor. Let M =
R/(x). Then
0-RLER—-M—0

is a projective resolution of M, where R = R denotes the map which is
multiplication by x, and R — M denotes the map which sends r to [r| =

r+ (z). Applying Hompg(—, M) to the deleted resolution, we get
0 — Hompg(R, M) £ Homp(R, M) — 0.

Looking closely on what x* represents, we recall that for f € Homg(R, M),
(x*(f)(y) = f(xy) = xf(y) for all z € R. We see that xf(y) = z(y+ (z)) =
0+ (x) in M, so * = 0. Thus, every map in our second sequence is 0, and
the cohomology at each position is just equal to the group at that position.
That is, Ext%(M, M) = Homg(R, M) = Exty(M, M), and Ext’ (M, M) =0
for ¢ > 1. Since Hompg(R, M) = M by ¢ — ¢(1), we get that the underlying
structure of Extg(M, M) is M & M.

We must still discover how the graded product works over these Ext

groups in order to get a presentation of this algebra.

e Let [f],[g] € Ext% (M, M) such that f and g are identified by f =1 —
@ and g = 1 ~— f3, where a, 3 € M. Then the composition (down

from the first R from the right) of the following diagram denotes the
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multiplication Ext%(M, M) x Ext%(M, M):

That is, [g][f] = [9(1 — a)] = [(1 = B)(1 = a)] = [1 = Ba]. Thus,

[9][f] € Ext% (M, M) is sent to [Ba] under the bijection with M.

o Let [f] € Exth(M, M) and [g] € Exth(M, M) such that f and g
are once again identified by f = 1 +— & and ¢ = 1 +— (3, where
a, € M. Similar to before, composition (down from the second R
from the right) of the following diagram denotes the multiplication
Extp(M, M) x Exth (M, M):

x

0 R R M 0
1 l 1 \L f=1l—a

0 R——R M 0

1—p3 KIHB

>R M 0.

0 R

This is the same composition as above: [g][f] is identified with [a] in

M.

e The multiplication Ext% (M, M) x Extp(M, M) is very similar to the
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case above and is the exact same result.

e Let [f], [g] € Exty(M, M) such that, once more, f and g are identified
by f=1— aand g = 1 +— [, where o, 3 € M. Then composition
(down from the first 0 from the left) of the following diagram denotes
the multiplication Extp(M, M) x Extp(M, M):

T

0 R R M 0

l klr—nl
l—a

0 R——R M 0

|
N

0 R—R M 0.

This multiplication is clearly 0.

Thus, we get a natural graded multiplication on Extr(M, M) = M @& M,

which has a presentation

Extp(M, M) = M(T)/(T?).

Here the isomorphism is (x,y) — = + yT, where (z,y) € M & M.
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5.2 Polynomial Ring in One Variable

Let k be a commutative ring and R = k[z]/(z") for some n > 2. Let
M =k = R/(x). Then

is a projective resolution of M = k. Applying Homg(—, k) to the deleted
resolution, we would get every coboundary map equal to 0 much like the case
above. Thus, we see that Ext’(k, k) = Homp(R, k) = k for every i. We now
concern ourselves with the nature of the product. In the following diagrams,

the right-most downwards composition possible is the one of interest.

o Let [f],[g] € Ext%(k, k) (1 — @ and 1 — f3, respectively). Then compo-

sition of the following diagram depicts the multiplication Ext%(k, k) x

Ext%(k, k):
x gn—1 T zn—1 x
R R R R R k 0
f=l—a
G U T A .
R R R R R k, 0
I S S A N
RY RS- RY RS R—k—>0

As before, this shows that [g][f] is identified with Ba.

o Let [f] € Ext%(k, k) and [g] € Exth(k, k) (1 — @ and 1 +— [3, respec-

tively). Then we again look at composition of the following diagram to

o4



show the product Exty,(k, k) x Ext%(k, k):

P RYR-tsRTLR-R 2 0
I A
'R SR> RY SRRk —0
Bmi ﬁi Bi ﬁl g=18
z TR -R¥LR--R 2 0

We once more see [g][f] identified with Ba.

The multiplication Ext%(k, k) x Exty(k, k) is very similar to the case

above and is, again, the exact same result.

Let [f],[g] € Extp(k, k) (1 — @ and 1 +— 3, respectively). The follow-

ing diagram depicts the multiplication Exty(k, k) x Exth(k, k):

R R s RT LR R—k
ozac"2J/ ai aac"zi Oéi =i
x g1 x g1 x
R—">R™>R—">R—k 0
| o | o N
* . p o RTLR-T-R 2 0

This time we find something new. [g][f] is identified in k with Sazn—2.
If n > 2, this is 0 in k. Otherwise, if n = 2, this product is the same

as before, Ba.

All other cases proceed in the same way as above, with the multiplica-

tion Extg%(k, k) x Ext’(k, k) depending only on the parity of j and 4.

95



We note that this multiplication is commutative, since k£ is commuta-
tive and the product over the Ext groups is just the natural product
over k or 0. If n = 2, we get the natural multiplication in every case,
whether ¢ and j are odd or even. However, if n > 2, we get that if both

1 and j are odd, the multiplication becomes trivial.

With all this, we get the following presentations of the Ext-Algebra.

k(T) n=2

k(& m)/(&2,6n—nE) n>2.

The explicit isomorphism here is as follows, remembering that Extgr(k, k) =
S Bxth(k, k) 2 k®k® k@ as sets. In the case n = 2, we map z €
k = Exth(k, k) via  + 2T". In the case n > 2, we map x € k = Ext’(k, k)
via
€  iodd

xn' i even.
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