
http://www.uta.edu/math/preprint/

Technical Report 2014-15

LES for Prediction of Pressure 

Fluctuation for Supersonic Flow 

Around a Truncated Cone

Shuh-Yi Chern

Greg Lobser

Michael Schoonmaker

Edward Heyd

Chaoqun Liu



 

American Institute of Aeronautics and Astronautics 

1

LES for Prediction of Pressure Fluctuation for Supersonic Flow 

around a Truncated Cone  
 

Shuh-Yi Chern, Greg Lobser, Michael Schoonmaker, Edward Heyd 

MSS(Model, Simulation, and Software) group 

ULA(United Launch Alliance) 

 

Chaoqun Liu 

University of Texas at Arlington 

 

Abstract 
In this study, we investigate the interaction between supersonic turbulence boundary 

layer and the shock wave induced by the flow past a circular truncated cone at M=1.6 and 

Re=300,0000. The UTA high order large eddy simulation code (LESUTA) with the 5th 

order Bandwidth-optimized WENO scheme is used to investigate the flow field structures 

and pressure fluctuation including the power spectrum of the noise caused by the 

supersonic turbulent boundary layer and shock interaction. The agreement between LES 

results and the experimental results are reasonable well. In addition, the three dimensional 

flow field especially at the separation region is illustrated. 

 

 

I. Introduction 
 

Shock Wave-Boundary Layer interaction (SWBLI) is a kind of problem which is frequently 

met in high-speed flight. It occurs in numerous external and internal flow problems relevant to 

aircraft and launch vehicles. The interactions usually decrease the total pressure recovery, 

degenerate the shape factor of the supersonic boundary layer, and result in flow separation.  

There are many previous experimental
1-8

 and numerical works
9-19

 study the supersonic ramp 

flow which is a typical prototype SBLI problem. According to their research, some flow 

mechanisms are recognized as: a) the amplification of the turbulence after the SWBLI is thought 

to be caused by the nonlinear interaction between the shock wave and the coupling of turbulence, 

vorticity and entropy waves
20

; b) the unsteady motion of the shock is considered to be generated 

by the very long low-momentum coherent structures in logarithmic layer and such structures 

might be formed by the hairpin vortex packet. 

Although there are many previous experimental and computational works on SWBLI 

problems, there still exist may issues to solve, such as the physical essence of the separation, the 

3D and transient properties of turbulent boundary layer, the position of the peak of pressure and 

etc.  In addition, the interaction between the separation and shock induced by a bluff body in 

supersonic flow should be another very important topic. The prediction of pressure fluctuation 

for separated supersonic turbulent boundary layer and shock interaction is also a challenge to 

numerical methods.  

In this study, we try to understand the mechanism of the SWBLI for the flow over a bluff 

body. We investigate the interaction between supersonic turbulence boundary layer and the 

shock wave induced by the flow past the circular truncated cone at M=1.6 and Re=300,0000. In 

order to make simulations, a kind of large eddy simulation method is used by solving the 
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unfiltered form of the Navier-Stokes equations (NSEs) with the 5th order bandwidth-optimized 

WENO scheme, which is generally referred to the so-called implicitly implemented LES. The 

paper is arranged as follows: in section II, we give the information of case setup; in section III, 

the numerical methods we adopted in the LES are specified; in section IV, the results for two 

validation cases are presented; in section V, the numerical results are discussed in detail and 

compared to the experimental ones. Finally, we give our conclusions. 

II. Case Setup and Grid Generation 
 

2.1 Configuration and inflow condition  
     The computation case is specified based on the experiment work (Robertson) provided in Ref 

21(Figure 1). Since our current code and only deal with parallel computation of fluid flow within 

one topologic block,  the simplified computation case is simulated (Figure 2) where the cylinder 

is replaced by a circular truncated cone. The simplified case will be a typical 3-D domain. The 

dimensions and the flow parameters are given as follows: 

     The height of the circular truncated cone h=8in, the radius of the bottom and top surface are 

8in and 4in respectively, the inf low boundary layer thickness is =0δ 0.1. The mach number is 

M∞=1.6, the reference length is Lref=h, the Reynolds number, Re/ft, has been increased to 

300,0000. 

 

  

  

 

Figure 1. Sketch of the protuberance flow 
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Figure 2.  3D domain of the flow field simulated 

 

  

 

2.2 Grid generation 
    Orthogonal three dimensional grids (shown in Fig 3, at the step part) for the ramp flow domain 

have been generated with around 50 millions of grid points (1600x192x160 in the streamwise, 

normal, and spanwise directions). 

 

Figure 3. Flow passed 3-D truncated cone 

          

III. Numerical Methods 
 

The UTA high order large eddy simulation code (LESUTA) is used to investigate the flow 

field structures and pressure fluctuation including the instant and time averaged power spectrum 

of the noise caused by the supersonic turbulent boundary layer and shock interaction . The LES 

code was previously well validated for unsteady applications in a supersonic inviscid flow  

around a half cylinder at M=4 and an MVG controlling ramp flow at M=2.5 and Re=5760
22

. The 

details of the numerical schemes used in LESUTA is specified as follows: 
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3.1 Governing Equations 
The governing equations are the non-dimensional Navier-Stokes equations in conservative 

form as follows: 
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The dynamic viscosities coefficient is given by Sutherland's equation:  
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The non-dimensional variables are defined as follows: 
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where the variables with '~'  are the dimensional counterparts. 

Considering the following grid transformation,  
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the Navier-Stokes equations can be transformed to the system using generalized coordinates: 
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3.2 Finite difference schemes and boundary conditions 

 

3.2.1 The 5
th

 order Bandwidth-optimized WENO  scheme for the convective terms 

For integrity, the 5
th
 order WENO

23
 will be described as follows. Considering the one 

dimensional hyperbolic equation: 
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The semi-discretized equation can be expressed as: 
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Considering the positive flux, the four upwind-biased schemes on three candidates can be 

given as: 
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The mark ‘+’ refers to the positive flux after flux splitting. 3
rd 

order is obtained for each 

individual scheme. Schemes on basic stencils are symmetric to the one with respect to xj+1/2. 

Weighting and the linear weights to obtain higher order: 
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The optimal order (Order optimized) for the weighted scheme is at most 2r, where r is the 

number of the stencil. And when the optimal order is realized, the iα  must be determined as: 

),,,( 3210 αααα = (0.05, 0.45, 0.45, 0.01). 

The order of the scheme is 5
th
 order. 

The final nonlinear weighted schemes can be expressed as: 
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where iω   is changing from place to place, and  
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and ε is a small quantity (10
-6

~10
-10

) to prevent the denominator from being zero, which should 

be small enough in supersonic problems with shocks. ISi is the smoothness measurement. 
In order to make the nonlinear scheme still pertain the same optimal order, i.e., 5

th
 order, ISi 

should have the property: 
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where C is the same number for all four ISi. 

 ISi has the following form: 
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In order to make the scheme stable, further modification is made as: k
k

ISIS
30

3 max
≤≤

= . 

Further improvement for kω   by Martin et al is: 
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where TVk stands for the total variation on each candidate stencil. 
 

The scheme for −

+
2

1j
h  has a symmetric form of +

+
2

1j
h  to the point xj+1/2. 

The large eddy simulation based on the WENO scheme was thought to be slightly more 

dissipative than other implicit LES methods. In order to decrease the dissipation of the scheme, 

the less dissipative Steger-Warming flux splitting method is used in the computation, not the 

commonly-used more dissipative Lax-Friedrich splitting method. 
 

3.2.2 The difference scheme for the viscous terms 

Considering the conservative form of the governing equations, the traditional 4
th

 order central 

scheme is used twice to compute the 2
nd

 order derivatives in viscous terms. 

3.2.3 The time scheme 

The basic methodology for the temporal terms in the Navier-Stokes equations adopts the 

explicit 3
rd 

order TVB-type Runge-Kutta scheme : 
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3.2.4 Boundary conditions 

The adiabatic, zero-gradient of pressure and non-slipping conditions are used for the wall as: 

 0=∂∂ nT , 0=∂∂ np , 0=U
�

 (11) 

To enforce the free stream condition, fixed value boundary condition with the free parameters 

is used on the upper boundary.  No visible reflections are observed by the first shock. Even if 

there are reflections, the reflecting wave will go out of the domain into the inviscid region 

without entering the boundary layer and spoiling the computation. For the case of the ramp 

computation, the reflecting shock wave by SBLI is enclosed inside the domain. There is no 

unfavorable influence by the fixed value boundary condition. However, we need to change the 

far-field boundary condition to be non-reflecting in the next step of our work.  

The boundary conditions at the front and back boundary surface in the spanwise direction are 

given as the mirror-symmetry condition. The reason is based on the assumption that the flow is 

assumed to be mirror-symmetric In next step, we will change the spanwise boundary condition to 

be periodic. 

The outflow boundary conditions are specified as a kind of characteristic-based condition, 

which can handle the outgoing flow without reflection. The details can be found in Reference
24

 . 
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3.2.5 Turbulent Inflow conditions  

It is a challenging topic about how to get fully developed turbulent inflow comparable to the 

experimental conditions. There is a large body of published work on generating turbulent inflow 

boundary condition for simulation of complex spatially developing external flows; the most 

representative paper is perhaps that of Lund, Wu & Squires
25

 developed a simplified version of 

the Spalart method by invoking only the transformation on independent variables at two 

streamwise stations without altering the Navier-Stokes equations. This method and its 

subsequent variations have been shown to yield reasonable inflow conditions for complex and 

spatially developed flows because quite often the downstream pressure gradients and geometrical 

variations mask any major defects of the inflow. However, because of their semi-empirical 

nature, even with DNS resolution, it would be quite challenging for these methods to generate 

results that can be considered as experimental data quality for the turbulent boundary layer. So, 

in present work, the turbulent mean profile and velocity fluctuations have been obtained from a 

separate DNS computation of compressible turbulent boundary layer. 

The inflow conditions are generated using the following steps: 

 a) A turbulent mean profile is obtained from previous DNS simulation result from Ref. 26 for 

the streamwise velocity (w-velocity) and the distribution is scaled using the local displacement 

thickness and free stream velocity. The basic transfer is based on the assumption that the same 

distribution exists between the relations of *

eU / U ~ y / δ . And the averaged streamwise velocity 

of MVG case can be got by smooth interpolation (3rd spline interpolation). 

 b) The pressure is uniform at inlet and is the same as the free stream value. The temperature 

profile is obtained using Walz’s equation for the adiabatic wall:  

First the adiabatic wall temperature is determined using: ( )22)1(1 eew MrTT ×−+= γ , where the 

subscript 'e' means the edge of the boundary layer and r is the recovery factor with value 0.9. 

The temperature profile is obtained by Walz’s equation: ( )222)1(
eeewe

UUMrTTTT ×−−= γ . 

c) The fluctuation components of the velocity are separated from the velocity at every 

instantaneous data file (total 20,000 files). And such fluctuations are rescaled in the same way. 

Because ( ) ( )
2

21 2e w e e eT T T T r M U U= − γ − , considering the non-dimensional form and ignoring 

the 
e

T  and
e

U , we get ( ) 2
1

e
dT r M UdU= − γ − , or ( ) 21 eT r M U U∆ = − γ − ∆ .  Density fluctuation is 

determined by
T

T

∆ρ ∆
= −

ρ
. 

d) Finally, the transformed parameters are u U u= + ∆ , v V v= + ∆ , w w= ∆ , ρ = ρ + ∆ρ , 

2

T
p

M

ρ
=

γ
,  T T T= + ∆ . 

Such inflow conditions are, of course, not the exact solutions of the Navier-Stokes equations. 

The flow solver will adjust and modulate the flow into fully developed turbulent flows while 

propagating downstream.  

This is a difficult part of the LES simulation. First, we have to get a huge data set from our 

previous DNS for flow transition, which has 20,000 files to read. Second we have to run about 

100,000 time steps for the turbulent inflow to pass the whole computational domain. This is a 

very CPU time consuming job.  

We checked the inflow and confirmed that the inflow is fully developed turbulent. Fig 4. 

shows the inflow boundary layer velocity profile in log - coordinates. There is a well-defined log 
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region and the agreement with the analytic profile is well throughout. These results are typical 

for a naturally grown turbulent boundary layer in equilibrium.  

 
(a) Inflow profile by LES     (b) Turbulent flow given by Guarini et al 

27
 

 

Figure 4. Turbulent inflow validation 
 

 

 

IV. Validation 
 

4.1 Micro vortex generator 

    The UTA high order LES code was developed under the support of US Air Force through an 

AFOSR grant. The code has been validated by UTA Aerodynamics Research Center and Delft 

University of Technology in Netherlands through 3-D PIV for supersonic flow around micro 

vortex generator (MVG) (see Figure 5) which is used to reduce the separation and pressure 

fluctuation induced by shock-boundary layer interaction. The agreement between experiment 

conducted by Delft and LES conducted by UTA is very well
28

 (see Figures 6,7). 

o

o

z

y

x

x

2D-PIV FOVTomo-PIV
FOV-I&II

Tomo-PIV FOV-II

Tomo-PIV FOV-I

  

(a) Experiment setup  (Delft)                             (b) Computational domain (UTA) 

Figure 5.  Les and experiment setup for micro vortex generator 
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Figure 6. Profiles of u comparison in the center plane: (a) x/h=10 (b) x/h=12 (c) x/h=14. 

       

(a)  Experiment (Delft)                                 (b) LES (UTA) 

Figure 7. Comparison in vortex structure 

4.2 Prediction of Pressure Fluctuation for Separated Supersonic Turbulent Boundary 

Layer and Shock Interaction  

    This case is to employ the UTA high order large eddy simulation code (LESUTA) to 

investigate the pressure fluctuation including the instant and time averaged power spectrum of 

the noise caused by the supersonic turbulent boundary layer and shock interaction (Figure8). The 

LES results must be validated first by comparison with experiment
29

. 
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Figure 8. Shock and turbulence interaction around the ramp
29

 

 

    The LES results have been compared with experiment
29

 The time-averaged pressure 

distribution, 
2( )

ave
p p

where q
q

∞

∞

−
is the inflow dynamic pressure. In general, the agreement between 

our time-averaged LES results and the experimental results are reasonable well. Our LES 

successfully resolved the averaged pressure fluctuation distribution in the streamwise direction. 

There are only some discrepancies in comparison. The peak value of 
2( )

ave
p p

q∞

−
is located at 

0.44 in our LES, but 0.48 in experiment. The peak value is 0.064 in LES but 0.07 in experiment. 

The separation zone is about 4.8 obtained from Fig. 9a. which is smaller than the one  by the 

experiment, that is about 5.0. The spectrum of pressure fluctuation induced by the boundary 

layer separation is also given in Fig. 10 which compare well with experiment.   

             
(a) LES results                                                (b) Experimental results (AIAA 73-996) 

Figure 9. Time-averaged pressure fluctuation in the central plane 
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Figure 10 Power spectrum of shock induced pressure fluctuation 

V. Numerical Result for Shock-boundary Layer Interaction around 3-D 

Cylinder 
   First we must validate our LES results by comparing the flow pattern of the protuberance flow 

field
21

 which is given in Fig. 11 and Fig. 12. 

             
Figure 11. Experimental result of the flow pattern around the cylinder 

 

Experiment 

LES 
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(a) Experiment

21
                                                                          (b) LES 

Figure 12. Comparison of flow structure around cone 

 
    In general, the agreement between our time-averaged LES results and the experimental results are 

reasonable well. However, there are still some discrepancies in comparison. The first and second 

separation front are both captured. Both the separated flow and wake regions are clearly shown in Figure 
12. According to Ref 1, the separation line or front is parabolic in shape, the shape is well recovered by 

LES. The shape changes at two spanwise boundary since the computational domain is limited and 

boundary conditions must be applied. In comparison, the parabolic second front is in good agreement 
with the experiment.  The separation length(see Figure 13) in experiment given by Ref 21 is about 

1.95D(D is the radius of cylinder) at M∞=1.6 and it is 2.1D in our LES. The separation zone is a little 

larger than the one obtained by the experiment.  

 
Figure 13. Sketch of the separation length 

 
5.1 Pressure fluctuations and Power Spectra 

    From current data, we captured the pressure values with 28000 time steps for the flow field before 
separation and 20000 time steps in the downstream. The result show that the power spectra of pressure 

fluctuation at the shock position matches the profile from the experiment very well. There is some 

difference with the comparison between LES and experiment data the separated flow. These difference 
my induced by the different protuberance we put in the fluid field(circular truncated cone instead of 
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cylinder). While, the LES results show the ability to get the correct pressure fluctuations in the separation 

flow. However, the grid size for current LES simulation is too large to capture the turbulence properties 
for power spectra analysis with the constrains of  time and computing consumption. To get the better 

result, we need refine the grid and apply DNS on the turbulence part. Also, it's hard to determine the 

turbulence intensity that is applied on the inlet which makes the difference in the power spectra at 

attached turbulent boundary layer since there are no such value mentioned in the experiment work.   
 

 

5.2 Root-mean-square coefficient of the fluctuating pressure about the mean 

 

    In Fig.14, the Root-mean-square coefficient of the fluctuating pressure about the mean, 

∞∆=∆ qRMSPRMSCp /)()(  is compared between the experiments and our LES.  Basically, the 

distribution of )(RMSCp∆  from LES keeps the same tendency with the result from experiment. The 

difference at the beginning is thought to be induced by the larger separation zone in our simulation.  Fig. 

15 shows the comparison of power spectra(pressure fluctuation) for shock-wave oscillation induce 

by two- and three-dimensional protuberances. The results form our LES match the experiment 

data very well. 

  
(a) 
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(b) 

 

Figure 14. Comparison of Two- and Three-dimension separated flows(Root-mean-square 

coefficient of the fluctuating pressure). (a). Comparison with flow around circular cylinder from 

Ref 21. (b). Comparison with flow over �45   wedge at Ma=2.0 from Ref 21. 

 
Figure 15. Comparison of power spectra for shock-wave oscillation induce by two- and three-

dimensional protuberances 
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5.4 Properties of the Flow Field 

 
In this part, we would like to provide some instantaneous and time-averaged flow filed and give 

some analysis based on our observation. 

 

5.4.1 Pressure and density gradient 
      Fig. 16 gives the pressure gradient distribution, Fig. 17 depicts the density gradient distribution in the 

flow, and Fig. 18 gives the 3D view of shock-waves around the protuberance which shows the complex 

structure for the shock–boundary layer interaction including the Λ-shape shock structure in the central 
plane. All of these shock waves and the induced separation flow could be the source of the pressure 

fluctuation and noise. Of course, the shock nearby the separation zone is the major source of the pressure 

fluctuation. Fig. 19 and 20 are the pressure distribution on the wall surface and central plane respectively. 
Apparently, the pressure is high nearby the front surface of the cone(blue means low and red means high).  

 

          
Figure 16. Pressure gradient at central plane and the corner 

 

         
Figure 17. Density gradient at central plane and the corner 
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Figure 18. 3D shock by iso-surface of pressure gradient 

 

 
Figure 19. Pressure distribution on the wall 
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Figure 20. Pressure distribution on the central plane 

 

5.4.2 Flow in separation zone 
 

    The shock-boundary layer interaction will cause the flow separation. Fig. 21 provides the stream track 

on the wall surface, which clearly shows the topology of shock induced separation zone. Fig. 22 gives the 

corresponding 3-D view of the stream track which is colored by local pressure distribution. As the 
vortices keep moving, the separation zone shape and size will keep changing as well. The separation zone 

size change could further push forward and pull backward the shock, which is the major reason why the 

separated boundary layer has much large pressure fluctuations and noises than the attached boundary 
layers. 

   

                                                                 
(a) Stream trace of the separation zone 
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(b) Locally enlarged  at the rake part 

Figure 21. 2-D stream track on the wall of the separation zone 

 
Figure 22. 3-D stream track of the separation zone (lines are colored by local pressure distribution) 

 

5.4.3 Vortex structure 
 

In order to investigate the vortex structure within and after the separation, a technique
30

 is used by the iso-

surface of the
2λ , which is the second eigenvalue of the 3×3 matrix comprised of velocity gradient, i.e., 

( )∑ =
+ΩΩ=

3

1k kjikkjikij SSM , where ( )1 2
ij i j j i

S u x u x= ∂ ∂ + ∂ ∂  and ( )1 2
ij i j j i

u x u xΩ = ∂ ∂ − ∂ ∂ . A small negative 

value is selected for visualization. It can be seen from Figures 16 and 17 that there are a large amount of 
vortices with various length scales in the concerned region, and many of them are streamwise vortices. 
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Moreover, hairpin vortices with ring-like head are found within the vortices. The weaker of the inflow vortices 
at the selected iso-surface value means that the intensity of the vortices is stronger in the separation zone. This 

provides an indirect proof of the amplification of the fluctuation by the flow separation.  

 

 
 

Figure 23. Vortex structure in the boundary layer shown by λ2 (front view) 
 

 
  

Figure 24. Vortex structure in the boundary layer shown by λ2 (back view) 
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VI. Conclusion 

 
The flow past a circular truncated cone is investigated by LES in this paper at M=1.6 and 

Re=300,0000. The UTA high order large eddy simulation code (LESUTA) with the 5th order 

Bandwidth-optimized WENO scheme is used to investigate the flow field structures and pressure 

fluctuation including the power spectrum of the noise caused by the supersonic turbulent 

boundary layer and shock interaction. The averaged pressure fluctuation distribution at the 

separation region, the pressure power spectra at the separation shock position are obtained. The 

agreement between time-averaged LES results and the experimental results from Ref 21 are 

reasonable well. The three dimensional flow field especially the vortex structure at the separation 

region is studied. It shows that there are a large amount of vortices with various length scales in 

the concerned region, and many of them are streamwise vortices. Moreover, hairpin vortices with 

ring-like head are found within the vortices. 
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